Quantum States and Measures on the Spectral Presheaf 
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After a brief introduction to the spectral presheaf, which serves as an analogue of state space in 
the topos approach to quantum theory, we show that every state p of the von Neumann algebra M 
of physical quantities of a quantum system determines a certain measure fj,p on the spectral presheaf 
of the system. The so-called clopen subobjects of the spectral presheaf play the role of measurable 
sets. Measures on the spectral presheaf can be characterised abstractly, and the main result is that 
every abstract measure p induces a unique state of the von Neumann algebra M. Finally, we 
show how quantum-theoretical expectation values can be calculated from measures associated to 
quantum states. 
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I. INTRODUCTION 

In the search for a theory of quantum gravity, we will 
have to consider radically new concepts, both physically 
and mathematically. Many researchers hope that concep- 
tual breakthroughs will be found 'on the way', while the 
starting points for the development of a theory of quan- 
tum gravity - quantum theory and general relativity ~ 
remain largely unchanged. (On the whole, there seems 
to be more willingness to try to adapt general relativity 
to quantum theory than the other way around.) Despite 
huge efforts, these hopes have never materialised. The 
well-known conceptual and interpretational problems of 
quantum theory, some of which become more severe in 
combination with general relativity, may necessitate a 
massive revision or reformulation of quantum theory it- 
self before progress in the direction of quantum gravity 
can be made. 

Unfortunately, the usual Hilbert space formalism does 
not allow for any obvious changes which would provide 
different and/or more general theories. It is hardly pos- 
sible to give up on some part of the mathematical struc- 
ture of the Hilbert space formalism without destroying 
the whole edifice. It may be necessary to find a radically 
new mathematical framework for quantum theory and 
other theories of physics beyond that. 

The topos approach as initiated by Isham and 
Butterfieldi^ii&iilJ^ii^iSO and developed by Isham and 
the author— iiiSiiSiiiSiii is a proposal for such a new frame- 
work for physical theories. In the papers mentioned 
above, it was shown that large parts of quantum theory 
can be expressed using mathematical structures within 
a suitable topos of presheaves. These results go beyond 
a mere reformulation of quantum theory and provide a 
wealth of new structures to be explored. Moreover, the 
topos approach allows for generalisations beyond quan- 
tum theory. For all the details on this approach, see 
refJi. 



Currently, many interesting open questions remain, 
even with respect to standard quantum theory. In this 
article, we will concentrate on the spectral presheaf, which 
is a mathematical object that takes the role of the state 
space of a quantum system in the topos approach. Here, 
state space is to be seen in analogy to classical physics 
and does not mean Hilbert space. In fact, the spectral 
presheaf is not a space or set at all, as will be explained 
in section ini We will then show in section Hill how propo- 
sitions about the values of physical quantities correspond 
to subobjects of the spectral presheaf. Section HVl shows 
how states of a quantum system determine probability 
measures on the spectral presheaf. This is in analogy 
to classical physics, where states are probability mea- 
sures on state space. Measures are then characterised 
abstractly, and it is shown that from every abstract mea- 
sure /X, a unique state of the quantum system can 
be reconstructed. Thus there is a bijection between the 
space S{N) of states of the quantum system and the set 
A^(Subci(S)) of measures on the (clopen subobjects of 
the) spectral presheaf. The expectation values of ordi- 
nary quantum theory can be expressed in terms of mea- 
sures, as is shown in section|Vl In this section and in the 
discussion f section IVI[) . we point out a number of open 
questions. 

While the mathematical structures that we consider 
are lying in a topos of presheaves, neither topos theory 
itself nor any serious category theory is needed in this 
article. For the experts, it should be mentioned that our 
arguments are topos-external. It will be useful to develop 
many aspects internally, but this is a task for the future. 
What we need here are some basics of the theory of von 
Neumann algebras and little more than the definitions of 
a category and a presheaf. Wherever possible, physical 
interpretations of the mathematical structures are given, 
and the analogy between the spectral presheaf of a quan- 
tum system and the state space of a classical system is 
emphasised. We hope this article can serve as an intro- 
duction for physicists to some of the structures provided 
by the topos approach to quantum theory. 
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II. THE SPECTRAL PRESHEAF 

The spectral presheaf was originally defined by Isham 
and Butterfieldi^'^ii^'^ and was used extensively by 
Isham and the author in the development of a topos ver- 
sion of quantum t heory^i^i^i^ i ^ ° i ^ ^ . We will only give a 
short introduction here. For details, we refer the reader 
to the references mentioned above. 



A. Von Neumann algebras and contexts 

Consider a quantum system S. A basic assumption 
is that the physical quantities of S can be described by 
the self-adjoint operators in a non-commutative von Neu- 
mann algebra Af. For the theory of von Neumann al- 
gebras, see refs.— An important example of a von 
Neumann algebra is the algebra B{TC) of all bounded op- 
erators on a Hilbert space H. We will only consider sep- 
arable Hilbert spaces. It is well-known that every von 
Neumann algebra Af is given as a subalgebra of some 
B{H) for a suitable Hilbert space 7i. If A is some set of 
operators, then the commutant of A in B{T-L) is defined 
as 

A' := {B e B{n) \ \/Ae A:[B,A]^ 0}. (1) 

Let ^ be a set of operators which is closed under tak- 
ing adjoints and which contains the identity operator 1. 
Then the double commutant 

A" (2) 

is a von Neumann algebra. (A von Neumann algebra 
always contains the identity operator 1 on H.) We some- 
times apply the double commutant construction to a set 
of projection operators, e.g. {P, 1}. The double commu- 
tant construction amounts to taking all Borel functions 
of the operators in the set. In particular, the difference 
1 — P and the null projection are contained in the dou- 
ble commutant {P, 1}". 

If the set A contains only commuting operators (like, 
for example, {P, 1} does), then A" is a commutative von 
Neumann algebra. The self-adjoint operators in A" rep- 
resent commuting physical quantities. A commutative 
von Neumann subalgebra of the non-commutative von 
Neumann algebra TV describing our quantum system is 
called a context. We assume that every context is uni- 
tal, i.e., contains the identity operator 1. Contexts are 
typically denoted as V,Vi,V2, ■■■■ 

A context can be understood as a 'classical snapshot', 
or a 'classical perspective' on the quantum system S. Of 
course, no single context V can give a complete picture of 
the quantum system. It is part of the conceptual scheme 
of the topos approach to quantum theory to consider all 
contexts at the same time and to treat them in a uniform 
manner. In this way, one may hope to obtain a complete 
picture of the quantum system. 



The set of contexts, i.e., commutative unital von Neu- 
mann subalgebras oiJV, is denoted as V(A/'). We exclude 
the trivial context Vq = CI from V(A/'). The set of con- 
texts becomes partially ordered under inclusion of smaller 
contexts into larger ones. Typically, we denote the larger 
context as V and the smaller one as V' (which in this 
case does not mean the commutant of V). As a partially 
ordered set, V{J\f) also is a category in a simple way: 
the objects of V(A/') are the contexts V, and the arrows 
are the inclusions, e.g. iv'v : V' ^ V. We call V{Af) the 
context category. 

Going from a larger context V to a smaller context 
V' can be understood as a process of coarse-graining: 
the smaller algebra V' contains less self-adjoint opera- 
tors than V, so one can describe less physics from the 
perspective of V . In this sense, V is coarser than V. 
The context category encodes this information, but it 
does more: let Vi, V2 be two different contexts such that 
their intersection V' := Vi n V2 is not just the trivial com- 
mutative algebra CI. Then there are inclusion arrows 
from V' to Vi and from V' to V2. In this indirect way, 
the contexts Vi and V2 are related. While this structure 
may seem quite weak, it is behind powerful theorems like 
Gleason's theoremi^, its generalisation to von Neumann 
algebrasS^, the Kochen-Specker theorem^^ and its gener- 
alisation to von Neumann algebrasi^ In these theorems, 
conditions are posed only on commuting projections resp. 
commuting self-adjoint operators, yet one obtains results 
pertaining to the whole non-commutative von Neumann 
algebra of physical quantities. The reason is that each 
projection resp. self-adjoint operator typically is con- 
tained in many contexts, which are related in the way 
described for Vi and V2 above. Thus, one actually ob- 
tains conditions across contexts, which ultimately allow 
to prove the theorems. (In this article, we will use the 
generalised version of Gleason's theorem in section [TVl ) 

We will often refer to a context V (or some struc- 
ture associated to it) as 'local', while the whole, non- 
commutative von Neumann algebra A/" is the 'global' 
structure. Local and global thus do not refer to space 
or space-time in this article. 



B. Gel'fand spectra and the spectral presheaf 

Each commutative von Neumann algebra is a commu- 
tative C*-algebra and, as such, has a Gel'fand spectrum. 
Let y be a context, then the Gel'fand spectrum Sy of V 
is the set of algebra homomorphisms A : y — > C. Each 
A € Tiv can also be seen as a positive linear functional 
on V of norm 1 that is multiplicative, i.e., for all A,B, 
one has 

X{Ab) = A(i)A(P). (3) 
For each projection P in the context V, we get 

X{P) = X{P') = XiPf e {0,1}. (4) 
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If the projections in V are interpreted as representing 
propositions of the form "AeA" , that is, "the physical 
quantity A (which is represented by a self-adjoint oper- 
ator A G V) has a value in the (Borel) set A", then 
each element A of the Gel'fand spectrum can be seen 
as an assignment of truth-values to these propositions. 
If we have A(P) = 1 for a projection, then the corre- 
sponding proposition "AeA" is true, and if A(P) — 0, 
then the proposition is false. (To be precise, to each pro- 
jection P, there correspond many propositions "^eA" , 
"PeF", ...) The existence of true- false truth- value as- 
sigments is peculiar to the commutative situation (with 
one exception): the Kochen-Specker theorem^'^ and its 
generalisation^ show that such truth-value assignments 
are impossible for the projections in a non-commutative 
von Neumann algebra Af, with the exception of type I2- 
algebras only. (The latter are 2 x 2-matrix algebras with 
entries from a commutative algebra. For such algebras, 
truth- value assignments exist.) 

The Gel'fand spectrum Ey, equipped with the weak* 
topology, is a compact Hausdorff space. Since y is a von 
Neumann algebra, T,y is extremely disconnected. The 
dopen (that is, closed and open) subsets of form a 
base of the topology (see thm. 3.2 in ref.— ). There exists 
a lattice isomorphism 

a : ViV) Subci(Sy) (5) 

between the lattice of projections in V and the lattice of 
clopen subsets of the Gel'fand spectrum of V. It is 
given, for aU P £ ViV), by 

a{P) = {A G Sy I A(P) = 1}. (6) 

Both V{V) and Subci(Sv') are complete, distributive, or- 
thocomplemented (i.e.. Boolean) lattices. 

As a C*-algebra, V is isomorphic to the C*-algebra 
C(S]y) of continuous, complex-valued functions on Sy. 
This isomorphism sends each operator A G V to its 
Gel'fand transform A, given for all A G Sy by 

MX) A(i). (7) 

A self-adjoint operator A is sent to a real-valued func- 
tion A. Moreover, X{A) € sp(A), so each element A of 
the Gel'fand spectrum Sy assigns values to all physical 
quantities in the context V. 

The physical interpretation is the following: the 
Gel'fand spectrum Sy can be seen as a 'state space lo- 
cally at V\ and the physical quantities in V (and only 
those!) are represented by real-valued functions on Sy. 
This is very close to classical physics, where one also has 
a state space, and physical quantities are represented by 
real- valued functions on it. 

If y C y is a smaller context, then there is a canoni- 
cal way to define a function from Sy to Sy , simply by 
restriction: 

S(iyy) : Sy Sy, (8) 

A ^ X\v'. 



This function is continuous, closed and open (see thm. 
15 in refJi). In this way, the local state spaces belonging 
to different contexts are related in a non-trivial way. 

The spectral presheaf S is nothing but the collection of 
all these local state spaces Sy for all V £ V(A/'), together 
with the functions S(iy/y) between them. Technically, 
the spectral presheaf is a contravariant functor from the 
context category V(A/') to the category Sets of sets and 
functions. Such a functor is called a presheaf^ In our no- 
tation, presheaves will always be underlined. Concretely, 
the spectral presheaf is given 

1. on objects: for all V £ V(A/'), the component S^^ 
is Sy, the Gel'fand spectrum of V; 



2. on arrows: for all inclusions iy/y : V ^ V, the 
function S(iy'y) is S(iy'y) as defined in ([5]). 

The spectral presheaf S takes the role of the state object 
for quantum theory in the topos approach^iiSiiiii^iii. 
It is interpreted as an analogue of state space. Being a 
presheaf, S is not a space or set, but rather a whole col- 
lection of sets, more precisely, compact Hausdorff spaces 
Sy, together with continuous functions between these 
spaces whenever a smaller context V' is contained in a 
larger context V. In this manner, the definition of S 
takes contextuality into account. 

Clearly, the spectral presheaf S depends on the quan- 
tum system, because S is constructed from the algebra 
Af of physical quantities of the system. The algebra of 
physical quantities is a much finer invariant of a quan- 
tum system than Hilbert space. (As is well-known, all 
separable Hilbert spaces are isomorphic.) The relation 
between S and Hilbert space is rather indirect: the von 
Neumann algebra TV is the subalgebra of some B{TC), but 
this does not play an important role in the construction. 
On the other hand, it is of course useful to think of the 
elements of Af as operators on some Hilbert space, and 
we are constantly making use of this, in particular with 
respect to projections. 

The spectral presheaf itself is one object in a category 
whose objects are presheaves, namely presheaves over 
the context category V(7V). The category Sets^^^-* ^ 
of presheaves over V(Af), with natural transformations 
between presheaves as arrows, is a topos. Among other 
things, this means that Sets^'-'^'' has an internal logic. 
This logic is non-Boolean, it is of intuitionistic type, 
which means that the law of excluded middle does not 
hold. An important conceptual aspect of the topos ap- 
proach is the use of this internal logic in defining a new 
form of quantum logic. As a consequence, topos quantum 
logic is intuitionistic. Very importantly, one has a dis- 
tributive logic with a powerful deductive system given by 
the topos, which is very different from ordinary Birkhoff- 
von Neumann quantum logici^ 
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III. PROPOSITIONS AS SUBOBJECTS 

We will present the most direct approach to defining 
representatives of propositions in a topos form of quan- 
tum logic. More details can be found in ref4. The propo- 
sitions we are concerned with are of the form "AeA", 
i.e., "the physical quantity A has a value in the set A". 
Here, A is some physical quantity of the quantum sys- 
tem under consideration, and A is some Borel subset of 
the real numbers. As usual, in quantum theory a phys- 
ical quantity A is represented by a self-adjoint opera- 
tor A in the von Neumann algebra of physical quantities 
of the system, and the spectral theorem shows that a 
proposition "AeA" is represented by a projection opera- 
tor P = E[AeA]. 

In classical physics, physical quantities are represented 
by real-valued functions (which are measurable at least) 
on the state space of the system, and propositions "AeA" 
are represented by (measurable) subsets of state space. 
Analogously, one may expect that in the topos form of 
quantum theory, propositions are represented by subob- 
jects of the state object S. 

As a first step, consider some projection P G V{N), 
which represents a suitable proposition "AeA" . Some 
contexts V G V(A/') contain P, but most of them do not. 
In every context V G V(7V), we approximate P from 
above by the smallest projection contained in V larger 
than or equal to P: 

5°{P)v.= l\{QeV{V)\Q>P}. (9) 

If P G V{V), then 5°{P)v = P, otherwise, S°{P)v > P- 
This is one instance of the concept of coarse-graining: the 
proposition/projection P is adapted to every context V. 
From a single projection P, we obtain a whole collection 
of projections 6°{P)v, one for each context V G V(7V). 

We now define a mapping from the lattice V{N) of pro- 
jections in TV to the subobjects of E, called daseinisation 
of projections: 

6:P{M) — y Sub(S) (10) 
P ^ (a((5°(P)v))ygv(^) =: SjP), 

where, for each V G V{Af), we use the isomorphism ([5]) 
between the projections in V and the clopen subsets of 
Sy. We thus get a collection of (clopen) subsets of the 
form S{P)^ — a{6°{P)v) ^ Sy, one subset for each 
context V G V(A/'). These subsets fit together to form a 
subobject S{P) of E. In our topos form of quantum logic, 
this subobject is the representative of the proposition 
MeA". 

The condition for a collection {S_y)vev(J^) of subsets 
of the Gel'fand spectra Sy, V G V(A/'), to form a 
subobject 5^ of S is the following: whenever one con- 
text V is contained in a larger context V, then the set 
jSyly = I A G S_y} is contained in S_y,. A subob- 

ject of S is nothing but a sub-presheaf of S. 



For clopen subsets, we can use equation ([5]) to change 
from the clopen subsets S_y, V G V{M), to the corre- 
sponding projections Ps , V e V(7V). Clearly, Ps G 
V{V) for all V G V{^f). On the level of projections, "the 
condition for being a subobject simply becomes 

4. < Ps,., (11) 

for all y , V G V(7V) such that V C V. 

The subobjects of S that we construct from dasein- 
isation all have the additional property that for each 
V G V{Af), we have a clopen subset of Sy. The idea is to 
consider subobjects with this property as the analogues 
of measurable subsets of state space. We call these subob- 
jects clopen subobjects. We remark that there are many 
clopen subobjects 5 of S that do not come from dasein- 
isation of a projection. It can be shown that the clopen 
subobjects form a complete Heyting algebra Subci(S), 
see thm. 14. in ref-l-^. The meet (minimum, 'And') 
S_i A S_2 of two clopen subobjects S_i,S_2 G Subci(S) is 
defined stagewise: 

S.I /\ S2 -.^ {S_j^.Y n S2.y)vev(Ar)- (12) 

Here, S^i.y n S_2-v simply is the intersection of the two 
clopen subsets S_i.y,S_2.y G Subci(Sy). Care must be 
taken when defining the meet of an infinite family of 
clopen subobjects, since for each V, the intersection of 
infinitely many clopen subsets need not be open. Hence, 
one has to take the interior of the set-theoretic intersec- 
tion in order to obtain a clopen subset. 

Similarly, the join (maximum, 'Or') S_i V of two 
clopen subobjects is defined stagewise: 

jSi V := (Sj.y U S;2.y)yev(AA), (13) 

where S^^.y U 5^2. y is the union of the two clopen sets 
S.i-yjS_2.Y G Subci(Sy). For infinite joins, one has to 
take the closure of the set-theoretic union of clopen sub- 
sets at each stage V. 

In contrast to meet and join, the negation -i^S of a 
clopen subobject S_ is not defined stagewise. Details can 
be found in ref.^^. 

Heyting algebras are the algebraic structures which 
represent propositional intuitionistic logic. We have 
mapped our propositions (like "AeA") about the physi- 
cal world to the Heyting algebra Subci(S), which is given 
as a structure within our topos Sets^'^-* of presheaves 
that is associated to the quantum system. Many further 
developments are possible?^ but here we just list a few 
properties of the daseinisation mapping: 

• If P < g, then S{P)_ < SjQ) ; 

• the mapping S : P{Af) Subci(S) is injective, but 
not surjective; 

• <5(0) — 0, the empty subobject, and S{1) = S; 

• for all P,Q G ViAf), it holds that 5{P V Q) = 
<5(P)VJ(Q); 
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• for all P,Q e P(7V), it holds that 5{P A Q) < 
6{P) A S{Q)_. In general, S{P)_ A is not of the 
form 6{R) for a projection R G 'P{N). 



Daseinisation is a 'translation' mapping between ordi- 
nary, BirkhofF-von Neumann quantum logic^, which is 
based upon the non-distributive lattice of projections 
'P{Af) in A/", and the topos form of propositional quan- 
tum logic, which is based upon the distributive lattice 
Subci(S), which more precisely is a Heyting algebra. 



IV. MEASURES ON THE SPECTRAL 
PRESHEAF 

A. Introduction 

We now want to consider measures on the spectral 
presheaf E. The intuitive idea is that such a measure 
gives the 'size' or 'weight' of each subobject of S with 
respect to the measure, or at least the size of each sub- 
object in a certain collection of 'measurable' subobjects. 
In fact, we saw that the clopen subobjects of S play a spe- 
cial role, and we will measure their sizes. We emphasise 
that picking the complete Heyting algebra Subci(S) of 
clopen subobjects is a practical decision which allows us 
to prove the desired results, but leaves open a number of 
interesting questions on the relation between measurable 
sets and the spectral presheaf S as a topological space in 
the topos Sets ^ . In future developments, one prob- 
ably will consider a larger collection of subobjects than 
just the clopen ones. An additional remark: Subci(S) is 
a complete lattice, but not a Boolean algebra, hence it is 
not a (T-algebra, either. We very briefly discuss how mea- 
sures behave with respect to complements, i.e., negation 
in the Heyting algebra Subci(S). 

The measures we will define are probability measures, 
i.e., the whole of S will be of measure 1 (in a suitable 
sense). Of course, the empty subobject will be of mea- 
sure 0. This section is partly motivated by the work 
by Jackson^^ on measure theory in topoi of sheaves. It 
also relates to the constructive measure theory by Co- 
quand and Spitters^ and its application to topoi associ- 
ated to quantum systems. We will present results with 
respect to the topos of presheaves Sets^^^-* ^ that is used 
in the topos formulation of quantum t heory^'^'^'^ i ^ P i ^ ^ . 
Our arguments are topos-external, which allows for very 
concrete reasoning without the intricacies of constructive 
mathematics. The main results are an abstract charac- 
terisation of measures on clopen subobjects and the proof 
that there exists a bijection between measures and states 
of the quantum system. In particular, given a measure 
ji on the clopen subobjects of the spectral presheaf, one 
can reconstruct a state of the quantum system from 
it. 



B. Definition of a measure from a quantum state 

In classical physics, a general state of a physical sys- 
tem is given mathematically as a probability measure 
on the state space of the system, while Dirac measures 
represent 'pure' states. Usually, the Dirac measure 5{s) 
concentrated at a point s of state space is identified with 
the point itself. A probability measure assigns a number 
between and 1 to each measurable subset of state space, 
and this number can be interpreted as the size or weight 
of the subset with respect to the measure. 

For a quantum system, as we saw, the spectral presheaf 
S belonging to the system takes the role of a state object 
(but, being a presheaf, S is not a space or a set). In 
analogy to the classical case, we expect that every state 
of the quantum system gives us a measure on (clopen 
subobjects of) the spectral presheaf E. Here, a state of 
the quantum system is given by a state p of the von Neu- 
mann algebra TV of physical quantities, i.e., a positive 
linear functional p : TV — > C of norm 1. This notion 
of (mathematical) states comprises the usual notion of 
physical states, including vector states and density ma- 
trices. In physics, attention is often restricted to normal 
states, which are those corresponding to (finite or infi- 
nite) density matrices. We will characterise those mea- 
sures that correspond to normal states. On the other 
hand, there are von Neumann algebras that do not pos- 
sess any normal states (namely algebras of type ///), 
but which do have physically important states like KMS 
states. The results we present apply to these algebras 
and states as well. As a consequence, the measures we 
define are finitely additive only in general, not cr-additive. 
(This deviates from the standard conventions in measure 
theory. Some readers may prefer to call our measures 
proto-measures or similar.) 

We will see shortly that the definition of a measure 
from a state works in a straightforward manner. A 
slightly unusual point is that the measure of a clopen 
subobject S_ is not a single real number between and 
1, but rather a collection of such numbers, one for each 
context V G V(TV). This of course comes from the fact 
that a clopen subobject of E is not simply a set, but 
consists of a collection of sets, namely one set S_y for 
each context V € V(TV). Moreover, whenever we have 
V' C V, then there is a function from S_y to S_y,, given 
by restriction of the presheaf E (see section HIT)) . The 
measures we define are monotone in the following sense: 
the smaller the context, the larger the number assigned 
to it. The definition of a measure is as follows: 

Let p : TV ^ C be a state of the algebra TV of physical 
quantities of the quantum system, i.e., a positive linear 
fimctional of norm 1. Then the measure fip on clopen 
subobjects associated to p is the mapping 

Pp : Subei(E) r [0,l]^ (14) 

S.= {S_y)vev(N') ' — > {p{Ps^))vev{U)- 

Given a clopen subobject 5, we assign the real num- 
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ber p{Ps^) S [0,1], that is, the expectation value of 
the projection Ps_^ in the state p, to each context V . 

Here, Py = Oi~^{S.v) is the projection in V correspond- 
ing to the clopen subset S_y C via the isomorphism 
([5]). If we have two contexts V ,V such that V C V, 
then > Ps^ (see (HH)), so p{Ps^,) > p{Ps^). For 

each clopen subobject S_ of E, we thus obtain a function 
Pp{S) : V(AA)^^ [0,1], given by tip{S){V) = p{Ps,). 
This function is order-reversing as a function from the 
partially ordered set V{M) to the interval [0, 1], equipped 
with the usual order coming from the real numbers. Such 
functions can be regarded as global elements of a presheaf 
[0, 1]-, which explains the notation for the codomain of 

Pp in p^ . The presheaf [0, 1]- is a sub-presheaf of the 
presheaf R- that is extensively discussed in refs.— i^^. 

Order- reversing functions from V(A/') to [0, 1] can be 
added, and addition is defined stage by stage. In partic- 
ular, let S e Subci(S), and let Pp,{S), pp^{S_) : V(7V) 
[0, 1] be two such functions, then, for all V G V(A/'), 

{Pp^ + Pp.){S){V) ■.^PpAS){V) + Pp,{S){V). (15) 

The sum pp-^ (5) -I- pp^ {S_) is a real- valued, order-reversing 
function on V(A/'), but it need not necessarily take values 
in the interval [0,1]. By taking a convex combination 
of measures pp^,ppr^, given for all S_ S Subci(S) and all 
V e V{N) by 

{cppM^-^)^^p.)iS){v) ■■= cppAS){v)+{i-c)pp,{S){v), 

(16) 

one obtains a new measure cpp-^ + (1 — cjpp^ on clopen 
subobjects with values in r[0, 1]-, and, clearly, this is the 
measure /Xf,pi-i-(i-c)p2 associated to the state cpi + (l—c)p2 
of Af. The space of measures of the form 

Pp : Subei(S) r[M]£, (17) 

hence is a convex space, and the convex structure is ex- 
actly mirroring the convex structure on the space S(J\f) 
of states of the von Neumann algebra TV. 

C. Properties of the measure /ip 

Let a (fixed) state p and its associated measure pp be 
given. We will show some properties of pp that justify it 
being called a measure. 

As before, let denote the empty subobject of S. For 
each context V € V{J\f), we have Oy = 0, and the empty 
set in the Gel'fand spectrum Ey corresponds to the null 
projection in the projection lattice ViV) via the lattice 
isomorphism ([5]). We obtain, for all V, 

PpimV) = P(0) = 0, (18) 

so globally 

Mp(0) = Ov(^) (19) 



where the right hand side denotes the collection of num- 
bers 0, one for each context V G V(A/'). This is the global 
element of [0, 1]- that is constantly 0. In a similar man- 
ner, one gets 

Mp(S) = lv(A^), (20) 

where the right hand side denotes the collection of num- 
bers 1, one for each context V. This is the global element 
of [0, 1]- that is constantly 1. As expected, the whole of 
E is of measure 1 in the appropriate sense, and the empty 
subobject is of measure 0. 

Let 5^1,5^2 be two disjoint clopen subobjects of E, i.e., 
within the Heyting algebra Subci(E), we have S_iAS_2 — 0. 
The union S_i V 5^2 of two clopen subobjects is given by 
the stagewise operations {S_i V S_2)v = S_i.y L) S_2.y for all 
V. We obtain 

Pp{S,VS2){V) = PpiiS,VS2)v) 
— Pp{S.i-v U S_2-v) 

= PpiS,){V) + ppiS2)iV) 
for all V G V(A/') and hence globally 

Pp{s,yS2)^Pp{s,) + pp{S2). (21) 

This is another basic property one expects from a mea- 
sure, namely that it behaves additively on disjoint sub- 
sets (here, subobjects). Of course, equation (|2ip gener- 
alises to arbitrary finite collections of pairwise disjoint 
subobjects 5]^, ...,j2n- Every measure pp hence is finitely 
additive, which follows from the fact that the quantum 
state p is linear. 

In standard measure theory, it is often assumed that 
measures are not only finitely additive, but a-additive: 
if /J, is a measure on a collection A4{X) of (measurable) 
subsets of some space X, then for arbitrary countable 
families {Si)i^i of pairwise disjoint sets in A4{X), one 
has 

Some measures behave additively on collections {Sj)j^j 
of arbitrary cardinality. Such measures are simply called 
additive. 

Since the clopen subobjects of S are not sets, but 
presheaves, some care must be taken when consider- 
ing generalisations of these properties. Even for a two- 
dimensional Hilbert space and the von Neumann al- 
gebra B{€?), there exist infinitely many contexts V G 
V{B{€?)). (Some simple arguments show that the space 
of contexts V(/B(C^)) is isomorphic to the projective 
space PR^.) For each V, define a clopen subobject 
of E by setting (S^^)y = {Ai}, where Ai is one element 
(picked arbitrarily from the two elements) of the Gel'fand 
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spectrum of V, and (S;^)^ = for all V ^Y. The 
family (i£^)yev(i3(C2)) of pairwise disjoint, clopen subob- 
jects of E is uncountable, but trivially, for any quantum 
state p, one obtains 

/^p( V E ^f^^y (23) 

yev(i3(C2)) yev(8(C2)) 

Similar arguments can be made for other algebras of the 
form B(C") and more generally for any non-commutative 
von Neumann algebra TV. In this trivial sense, every 
measure \Xp is additive for certain uncountable families 
of pairwise disjoint families of clopen subobjects. 

On the other hand, one may want to consider a count- 
ably infinite family (/SJig/ of clopen subobjects such 
that, for a suitable context V , one has that the clopen 
subsets jSj.y, i G /, of Sy are pairwise disjoint. Let 

Pi, i G I, denote the countably infinite family of pairwise 
orthogonal projections in V{V) corresponding to the sets 
S^j.y, i E I. Then, locally at V, we consider 

i^^pi\/ SMV) = Piy P.), (24) 
which, in general, is only equal to 

E^p(^»)(^) = E^(^o (25) 

iel iei 

if p is a normal state of J\f. This is the connection be- 
tween (T-additivity and normal states that one might ex- 
pect. The caveat is that the subobjects {S_.^)i^i are only 
pairwise disjoint locally at V (i.e., the clopen subsets 
jSj.y, z S /, of Sy are pairwise disjoint), but globally, 
the subobjects {S_.^)i^i are not pairwise disjoint. This can 
easily be seen: for definiteness, assume that the count- 
able index set / contains the number 1 (e.g., / = N). 
Consider the context Vi :— {Pi,l}". Then, from the 
properties of clopen subobjects of E (specifically, as a 
consequence of formula pT|) ). one has S^^.y^ 2 {Af_p^} 
for all i G /, i 1, where Aj_p^ is the element of the 

Gel'fand spectrum Ey^ of Vi that sends 1 — Pi to 1 and Pi 
to 0. This means that at Vi, all the subobjects (i£i)ie/\{i} 
overlap and hence are not disjoint. 

Formula (|2ip . finite additivity, is a special case of the 
following result: let S_i,S_2 be two arbitrary clopen sub- 
objects of S. Then, for all V £ V{M), 

= PiPs,.,,.+Ps.,J 
= P{Ps,,.) + P{Ps,.J 

which gives globally 



A property of this form is characteristic for measures 
in general, and /ip fulfils it for clopen subobjects of our 
quantum state space analogue, the spectral presheaf E. 

When considering negation of clopen subobjects, the 
fact that Subci(E) is a Heyting algebra and not a Boolean 
algebra plays a role. Let be a clopen subobject, and 
let -^S_ be its negation in the Heyting algebra Subci(E). 
It is easy to see that if S_ is neither the whole of E nor 
the empty subobject 0, then the strict inequality 

S:v-S:<E (27) 

holds. -ijS is the largest clopen subobject of E that is 
disjoint from 5, but since we have a Heyting algebra, 
is only a pseudo-complement, not an actual complement 
in general. For our measure /ip, this implies 

Mp(5V-5) < Iv(^) (28) 

for non-trivial clopen subobjects S_. This is in contrast to 
ordinary measure theory, where the union of a measur- 
able set S and its complement S'^ is the whole measure 
space X (and hence, if one considers probability mea- 
sures, is of measure 1). 



D. Abstract characterisation of measures and 
reconstruction of states 

We now axiomatise the notion of a measure: let a quan- 
tum system with corresponding non-commutative von 
Neumann algebra A/" of physical quantities and spectral 
presheaf S be given. A mapping 

M : Subei(E) ^ r [0,l]^ (29) 
S. = {S_v)vev(N') I — > {p{S.v))vev{N') (30) 

is called a measure on the clopen subobjects of E if the 
following two conditions are fulfilled: 

1. /i(E) = iv(AA); 

2. for all S-^,S2€ Subci(E), it holds that 

In particular, this definition means that for each clopen 
subobject S_ of S, we obtain a global element /i(iS) of 
[0, 1]-. Such a global element is an order-reversing func- 
tion IJ,{S_) : V{Af) [0, 1] from the partially ordered set 
of contexts to the unit interval. By definition (|29|) . we 
have ^liS){V) = n{Sy) for all V e V(7V). In partic- 
ular, fi{S_) is local in the sense that fi{S_){V) only de- 
pends on S_Y, but not on any other components S_y for 
V ^ V. If V, V are two contexts such that V C V, 
then < fJ.{S){V) < n{S){V') < 1. It is easy to see from 
properties (1.) and (2.) of a measure n that 



/i(0) = Ov(A/-). 



(31) 



8 



We saw that every state p of the von Neumann alge- 
bra J\f defines a measure /ip as in p4p . The main re- 
sult of this paper is that, conversely, if N has no direct 
summand of type I2 , then every measure /i determines a 
unique state such that we obtain a bijection between 
S{M), the state space of the von Neumann algebra A/", 
and A4(Subci(S)), the set of measures on the clopen sub- 
objects of the spectral presheaf S. 

The idea of the proof is to show that a measure p de- 
termines a unique mapping m : V{Af) —>■ [0, 1] from the 
projection operators in the von Neumann algebra TV to 
the unit interval such that (i) for the identity operator 
1, we have m(l) — 1 and (ii) if P, Q are orthogonal pro- 
jections, then m{P V Q) = m(P + Q) = m{P) + m{Q). 
Such a mapping m is called a finitely additive probability 
measure on the projections of M . From the generalised 
version of Gleason's theorem^^ (the reference gives a de- 
tailed review of this strong result and its proof), it is 
known that each such finitely additive probability mea- 
sure on the projections determines a unique state of A/", 
provided that M contains no direct summand of type I2 ■ 
Hence, from a measure p on clopen subobjects of S, we 
will obtain a unique finitely additive measure m on the 
projections of S and from this a unique state of J\f. 

Let /i be a measure on the clopen subobjects of E. 
We define m(l) := 1, which must be fulfilled by any 
finitely additive probability measure on the projections 
and, moreover, is justified by property (1.) of the mea- 
sure p. 

Now let P € ViAf) be any projection, and let S_ be 
a clopen subobject of S such that for some context V, 
we have that the clopen subset S_y C Sy corresponds to 
the projection P via ([5]). We will constantly use this lat- 
tice isomorphism between clopen subsets in the Gel'fand 
spectrum of a context V and the projections in V. We 
define 

m{P) := piS)iV) = p{Sy). (32) 

Of course, we have to show that this does not depend on 
the choice of the subobject S_ and the context V. The 
potential difhculty is the following: 5y C Ey is a clopen 
subset of some Gel'fand spectrum which corresponds to 
the projection P G 7^(A/'). There are many other clopen 
subsets of other Gel'fand spectra that also correspond to 
the same projection P. These subsets may show up as 
components S_y of other subobjects S_ at other contexts 
V. Since these clopen subsets lie in different Gel'fand 
spectra, they cannot be compared directly (while the cor- 
responding projection P is the same) . The task is to show 
that the measure p, which acts on the level of clopen sub- 
objects of E and locally on the level of clopen subsets of 
Gel'fand spectra, will assign the same number to all these 
subsets. I.e., we have to show that p{S_){V) — p{S_){V) 
whenever S_y and S_y both correspond to the same pro- 
jection P. 

First, let us keep S_ fixed, and assume that there is a 
smaller context V C V such that P is contained in both 



V and v. Since 1 is contained in every context, we also 
have 1 — P e V, V. Moreover, assume that S_y, is such 
that the projection corresponding to this clopen subset 
of Sy, is P. (For example, the subobject S{P) has this 
property.) We have to show that p{S)iV) = piS){V'). 
Let be another clopen subobject such that both S^y C 
Ey and S^y, C Ey, correspond to 1 — P. ((5(1 — P) has 
this property.) Then we have 

(^A5!)y = Oy = , (^A^)y. =0y, =0, (33) 

(^V^)y = Ey , (^V^)y. =Sy,. (34) 

From properties (1.) and (2.) of the measure p, we obtain 
M(E)(y) = 1 

= l^{S){V)+p{S^){V)-p{SASr){V). 
The last term is from equation PT|) . so we obtain 

KS){V) + piSZ)iV) ^ 1, (35) 

and similarly 

f^mV') + p{Sl){V') = l. (36) 

Since p{S_) : V(A/') [0, 1] is an order-reversing function, 
we also have 

KS){V')>p{S){V), (37) 
l^iSlW) > piSl){V). (38) 

Taken together, this implies 

KSW) ^ Pisrn, (39) 
l^iSlW) = piSim = 1 - piS)iV). (40) 

We have now shown (equation ([M)) ) that if is a fixed 
clopen subobject and V',V are two contexts such that 

V C V and both S_y and S_y, correspond to the same 
projection, then p assigns the same number to them. 

In our proof so far, we assumed that both S_y and S_y, 
correspond to the same projection P. While this is the 
situation we are interested in, it also is an additional piece 
of information that cannot be read off from the subobject 
S_ directly. We want to point out that the existence of 
another subobject such that p3|) and p4|) hold suffices 
for the proof to go through. Hence, the argument can be 
made on the level of subobjects, without direct reference 
to the projection P. 

We need another small observation: if 5^ and S_ are 
two subobjects that coincide at V, i.e., S_y — S_y, then 
we obtain from property (2.) of a measure p 

p{s)iv) + p{sm 

= KS\/S)iV)+p{SAS){V) 

= l^{iSW^)y) + p{{SAS)y) 

= KSv^Sy)+p{SynSy) 

= IJ'iS.v) + KSy), 

= l^iS){V) + p{S){V), 
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which imphes 



(41) 



Again, this argument does not refer to the projection 
corresponding to the components S_y , S_y . 

To complete the proof that m(P) is well defined by 
([5^ . we of course need to refer to P explicitly: we as- 
sume as before that 5 is a clopen subobject such that S_y 
corresponds to P, and let S_ be another clopen subobject 
and V another context such that S_y also corresponds to 
P. In particular, both contexts V, V contain the projec- 
tion P. Then the context V DV also contains P. The 
subobject S{P) coincides with S_ at V, i.e., S{P)^ = S_y, 

and it coincides with S_ at V, i.e., S{P) ^ — S_y. More- 



over, the clopen subset ^{P)y^y ^ ^vnv 



corresponds 



to the projection P (while S_y^y and S_y^y need not 
necessarily correspond to P). We obtain 



^ ^iiSiP)){vnv) 

m 



This shows that the value m{P) = fJ,iS)iV) in ^ is 
well-defined. 

Let P, Q be two orthogonal projections, let V G V(7V) 
be a context that contains both P and Q, let be a 
subobject such that the clopen subset S^ y C Sy corre- 
sponds to P, and let S'^ be another subobject such that 
S^y corresponds to Q. Then ( S^ V SS.)v corresponds 
to P V Q and we obtain 

m(P VQ) = fi{stvS^){V) 
- KS^KV)+KSl){V)+KS^AS^){V) 
= f^ist)iV)+f,{SQ){V) 
= m{P) + m{Q). 

This shows that m : V{N) [0, 1] actually is finitely 
additive. to(0) — follows easily from this and m(l) — 1. 

Summing up, we have shown that each measure /i on 
the clopen subobjects of E defines a unique finitely addi- 
tive measure m on the projections of A/". From the gen- 
eralised version of Gleason's theorem^SS we know that m 
extends to a unique state of the von Neumann algebra 
TV, provided J\f has no summand of type l2- Obviously, 
the mappings p i—^ fj,p and p i—> p^ are inverse to each 
other. 

Theorem IV. 1 For every von Neumann algebra J\f with 
no direct summand of type I2, there exists a bisection 
between the space §(A/') 0/ states of J\f and the set 



A4(Subci(S)) of measures on the clopen subobjects of the 
spectral presheaf S belonging to Af. The mapping from a 
state p to a measure pp is given by Ijil4\ ), o,nd the mapping 
from a measure p to a state is given as the composite 
p \—>- m Pf^ as described above. In particular, the set 
A^(Subci(S)) of measures is a convex space. 

A measure p on the clopen subobjects is called locally 
a-additive if it has the property that for all countable 
families (jSJie/ of clopen subobjects that are locally dis- 
joint at some context V G V(A/') (i.e., the clopen subsets 
{S,.y), ieI,oi are pairwise disjoint), it holds that 

f^iy s,){v) = piy s,.y) = J2pis,.y) 



(42) 

Let m be the measure on projections determined by a 
locally cr-additive measure p on subobjects. It is clear 
by construction that m is cr-additive on projections. The 
state Pp obtained from m by Gleason's theorem then is a 
normal state. Conversely, every normal state determines 
a locally cr-additive measure. 

Corollary IV. 2 The normal states of a von Neumann 
algebra M with no type l2-summand correspond to the 
locally a-additive measures on clopen subobjects under the 
bijection described in Thm. \IV.1\ 



V. MEASURES AND EXPECTATION VALUES 

In this section, we want to sketch the connections be- 
tween measures on clopen subobjects of E, pseudo-states 
as representatives of vector states as discussed in refjii, 
and expectation values in ordinary quantum theory. 



A. Pseudo-states and their reconstruction from 
measures 

Let t/i be a unit vector in Hilbert space. It commonly 
is identified with the vector state 



A 



(43) 



Let P^ denote the projection onto the one-dimensional 
subspace ^ip of Hilbert space determined by -ip. (This 
projection is often denoted as |V')(V'Ij but this nota- 
tion is a little clumsy for our purposes.) In the topos 
approacbii, a vector state like -0 is represented by a so- 
called pseudo-state fo"^, given by 



v)vev{M) 



SiP'f'). 



(44) 



The pseudo-state ro^ hence is a clopen subobject of E. 
The interpretation is that this subobject is the smallest 
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subobject of S which represents a proposition that is to- 
tally true in the state ip. This can be compared with the 
classical case: the analogue of a vector state V' is a 'pure' 
state, represented by a Dirac measure S{s). The propo- 
sitions which are true in this state are represented by 
those measurable subsets of state space that contain the 
element s, i.e., those subsets that are of measure 1 with 
respect to S{s). The smallest such set is the one-element 
set {s}, i.e., a single point of state space (and this set 
is measurable with respect to the Dirac measure S{s)). 
Using this analogy, the pseudo-state tv^ C S is what 
corresponds to the one-point subset {s} of the classical 
state space. 

It is an interesting fact that to^ is not a global element 
of the presheaf S. Global elements of a presheaf are the 
category-theoretical analogues of points, but the spectral 
presheaf S does not have any points in this sense. This 
result is just the Kochen-Specker theorem^ i^^'^^i^^ . In 
the sense described above, the pseudo-states Taf are 'as 
close to being points of E as possible'. 

Definition (|^^ can be rewritten slightly: for each V G 
V(7V), we have 

tvt = SiP^^^ a{S°{P^)v). (45) 
By definition (O, 

6"{P^)v = f\{Q e V{V) \Q>P^} (46) 
= f\{QeV{V)\{^,Qij)^l}. 

This is the smallest projection in V that has expectation 
value 1 with respect to the vector state ijj. Thus, for all 
V e V(AA), 

- «(AW e riV) I W) = 1}). (47) 

We now use definition applied to the state tp, to ob- 
tain a measure on the clopen subobjects of S. Clearly, 
the subobject ro'^ = (rDv')yGV(Af) is of measure 1 with 
respect to /i^ (i.e., fJ.ti){fo_^) = lv(Af))j ^ind there is no 
smaller clopen subobject that is of measure 1 with rep- 
sect to /i^ . This is in complete analogy with the classical 
case where the one-element set {s} is the smallest subset 
of measure 1 with respect to the Dirac measure 6{s). 

We have shown that the pseudo-state Yo_^ can be re- 
constructed from the measure /i^, simply as the smallest 
subobject that is of measure 1 with respect to It is 
a very interesting open question if, conversely, the mea- 
sure can be constructed from the pseudo-state \v_^ . 
The latter suffices to assign topos-internal truth-values 
to all propositions of the form "AeA" , while the measure 
fi^ can deliver the usual expectation values of quantum 
theory for the vector state ip. This is sketched below in 
subsection (IV Bl) and will be developed in a future pub- 
lication. 

In the classical case, the analogous construction of the 
measure from the minimal subset of measure 1 is trivial 



for 'pure' states: the Dirac measure 6{s) can be read off 
directly from the one-element set {s}. On the other hand, 
one cannot reconstruct a unique probability measure on 
the classical state space if the minimal subset of measure 
1 is larger than a one-element set. Analogously, we expect 
in the quantum case that we can at best construct fi^ 
uniquely from ro"^, but not a more general measure fi 
from a minimal subobject of measure 1 that is larger 
than some to . 

The topos approach to quantum theory aims at a re- 
alist description in which measurements, statistics and 
probabilities play a secondary role only, while logical, 
non-instrumentalist aspects are central. For this rea- 
son, it would be highly satisfying if the measure /x^, 
which contains the probabilistic information, could be 
reconstructed from the pseudo-state to^ , which contains 
the logical aspects. If such a construction of the mea- 
sure from the pseudo-state is possible, then the purely 
quantum-theoretical aspects of probability could be sub- 
sumed by the logical aspects as provided by the topos 
approach. 

The non-quantum aspects of probability, which allow 
for a lack-of-knowledge interpretation, are encoded math- 
ematically by mixed states. These are (finite or infinite) 
convex combinations of vector states which give density 
matrices resp. normal states. (Non-normal states like 
KMS states would require another treatment.) This sec- 
ondary level of probability can be handled in a manner 
very similar to ordinary probability theory. 

In this way, the topos approach can potentially lead 
to a clear distinction between the quantum aspects of 
probability, which may be deducible from the logical as- 
pects, and the non-quantum aspects, which are basically 
standard probability theory. 

We remark that at least for the case Af = B{H), it 
is straightforward to reconstruct the vector ip from the 
pseudo-state tv^ up to a phase, and from tp we can define 
the measure /i^, of course. In this sense, the probabilistic 
part of quantum theory actually can be seen as secondary 
and derived from the logical, topos-internal aspect. In 
the future, we will seek for a more direct relation between 
to^ and /i^, ideally in a topos-internal way. 



B. Expectation values from measures 

We briefly sketch the connection between measures on 
clopen subobjects and quantum-theoretical expectation 
values. Many aspects of this theory need further devel- 
opment and will be treated in detail in a future publica- 
tion. 

Consider a proposition "^eA" about the value of the 
physical quantity A of a quantum system. The propo- 
sition corresponds to a projection P — E[AeA] via the 
spectral theorem, and this gives a clopen subobject S{P) 
of E by definition ^ . 

Let p be a state of the quantum system. In ordinary 
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quantum theory, one assigns a probability of being true 
to the proposition "AeA" , given by the expectation value 
of the projection P: 

£{P;p)^p{P)e [0,1]. (48) 

If p{P) — 0, then the proposition represented by P is 
regarded as (totally) false in the state p, if p{P) = 1, 
then the proposition is (totally) true. In general, for 
< p{P) < 1, the proposition is neither totally true nor 
totally false. 

Let fip be the measure on clopen subobjects given by 
p. Then 

Aip(^(P)):V(A/-)^[0,l], (49) 

and by the definitions of S{P) and p,p (dH), this 

order-reversing function has the value p{P) at all con- 
texts V that contain the projection P. For these con- 
texts, S°{P)v = P and hence fip{5{P)){V) = p{P), for 

all other contexts, S°{P)v > P and hence pp{S{P)){V) > 
p{P)- The expectation value £{P] p) thus is the minimum 
of the function Pp{5{P)) : V{M) ^ [0, 1]. 

Now consider a self-adjoint operator in the algebra N 
of physical quantities of the form 

n 

for pairwise orthogonal projections Pi G V{N). The ex- 
pectation value of A in the state p is given as 

n n 

£{A- p) = p{A) = piY, aA) = J2 (51) 

i=l 4=1 

To each projection Pi, there correspond a clopen sub- 
object S{Pi) and an order-reversing function pp{6{Pi)) : 
V(A/') [0, 1] such that, according to the arguments 
above, p{Pt) = mirLvev(^f) fJ-p( MPi) ){V)- We obtain 



£{A; p)^Yl «S,^in A('5(A:))(V^). (52) 

This formula expresses the expectation value in a state p 
of a self-adjoint operator A = ^i^i ™ terms of the 

clopen subobjects 5{Pi) and the measure /Xp. It should 

be pointed out that every context V that contains A also 
contains all the projections Pi. In such a context, the 
minima of all the functions iip{6{Pi)) : V(7V) [0, 1] are 

obtained. Using the fact that the context = {A, 1}" 
contains A, we can write 

n 

£{A;p) = y^a,tip{5{PMVA)- (53) 



By just considering the minima of the functions 
Pp{d{Pi)), which give us the expectation values, we throw 
away a lot of information. It is an interesting task for the 
future to consider the physical content of the additional 
information contained in the functions pp{5{Pi)). 

Finally, \ei B ^ M be an arbitrary self-adjoint opera- 
tor. Each self-adjoint operator in a von Neumann algebra 
can be approximated in norm by operators of the form 
Bj = T^l^i^iPi} that is, finite linear combinations of 
pairwise orthogonal projections. Let {Bj)j^j be a family 
of such operators (which all lie in the algebra TV) that 
approximate B such that for every e > 0, there is some 
j (z J with 

\\B-B,\\<e. (54) 

One has 

=max{||6|| \ besp{B ~ Bj)}. (55) 
For every state p, we have 

-e < -\\I3-Bj\\ < p{B-Bj) < \\B-Bj\\ < e. (56) 
This implies 

~ e < p{B) ~ p{B,) < e, (57) 

so the expectation values of the operators {Bj)j^j ap- 
proximate the expectation value of B in any given state 
p. We saw in how the expectation value of finite lin- 
ear combinations of projections can be expressed using 
measures on clopen subobjects. 

A future task will be the development of an integra- 
tion theory based upon measures on clopen subobjects. 
An integral will have to be defined on arrows from the 
spectral presheaf S to a presheaf of 'values' like R^ . In 
the topos approach to quantum theory, certain such ar- 
rows represent physical quantities, as described in detail 
in refsi^iii. 



VI. DISCUSSION AND OUTLOOK 

It is remarkable that the state space of a von Neumann 
algebra A/" (with no summand of type I2) can be described 
entirely in terms of measures on the clopen subobjects of 
the spectral presheaf S belonging to the algebra. 

On the one hand, this strengthens further the concep- 
tion of the spectral presheaf S as an analogue of the state 
space of a classical system. Probability measures on this 
'space' correspond exactly to the states of the quantum 
system. The clopen subobjects Subci(S) play the role of 
measurable sub'sets'. 

On the other hand, the theory of (states of) von Neu- 
mann algebras is often conceived as non-commutative 
measure theory.'^ Potentially, the construction of mea- 
sures on the spectral presheaf from the states of a von 
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Neumann algebra can add a new point of view to this the- 
ory. The focus is shifted from projections in the algebra 
to subobjects of S. 

It is surprising how little non-commutativity is needed 
in our constructions: the spectral presheaf S consists 
of the Gel'fand spectra of all the commutative von Neu- 
mann subalgebras of TV, with a restriction function Ey 
Sy, , A I— > A|v, whenever V' C V. The definition of 
a measure n on the clopen subobjects (see ([M])) is lo- 
cal in the sense that for all S_ G Subci(S), the value 
tJ'{S_){V) = A*(5v) e [0, 1] only depends on S_y. We saw 
that tJ-{S)iV) = fJ-{S)(y) holds whenever Sy C Sy and 
S_Y C Ey correspond to the same projection P. While 
S_Y and S_y are subsets of different spaces and hence 
cannot be compared, the projection P lies in ViV) and 
■p(y) (and V{N), of course) and hence can be compared 
across contexts. Interestingly, in the proof of the equa- 
tion ^(5)(F) = we do not have to refer to P 
explicitly. Properties (1.) and (2.) of a measure are lo- 
cal, since both refer to constructions (meet and join of 
clopen subobjects, addition of order-reversing functions) 
which are defined stage by stage. The necessary 'non- 
local' relation between the sets S_y and S_y is provided 
by the fact that a measure maps clopen subobjects to 
order-reversing functions from V(A/') to [0, 1]. This gives 
a mild form of 'non- locality', which is enough to define 
a unique finitely additive probability measure m from 
a measure jjL on clopen subobjects. Non-commutativity 
does not enter in any direct way. Rather, the relations 
between the contexts, i.e., the commutative subalgebras 
of the non-commutative algebra A/" of physical quantities, 
are central to the proof up to this point. Finally, Glea- 
son's theorem for von Neumann algebras, which is a very 
strong result, can be used to construct a unique state 
from TO. 

This shows that from the spectral presheaf and mea- 
sures on its clopen subobjects, a strong invariant of the 
von Neumann algebra M of the system can be recon- 
structed, namely the whole space S(M) of states of M. 
As mentioned in the introduction, an ambitious aim of 
the topos approach is to provide a whole new mathemat- 
ical setting for quantum theory (and possibly beyond), 
with little or no direct reference to Hilbert space, opera- 



tors, states etc. Of course, the task is to show that the 
new formalism captures the full content of quantum the- 
ory. Reconstruction results like the one presented here 
indicate that this may well be possible. 

Many interesting open questions remain. Some of 
them were already discussed in section [V] On the 
measure-theoretical side, many developments are con- 
ceivable. The spectral presheaf S can be seen as a topo- 
logical space in the topos Sets^'-^-' ^ , closely related to 
the Gel'fand spectrum of an internal commutative C*- 
or von Neumann algebra, which is an internal locale in 
a topos of covariant functor o^'^'* . This will be explained 
in detail in a forthcoming paper. The interplay between 
open subobjects, given by the topology, clopen subob- 
jects and possibly more general measurable subobjects 
remains to explored. Further points of interest are inner 
and outer measures as well as the development of an in- 
tegration theory. The results in ref.^ will be very useful 
in this. 

On the physical side of things, time evolution of states 
needs to be considered. It would also be useful to charac- 
terise measures coming from pure states of the von Neu- 
mann algebra Af of physical quantities (which need not 
be vector states in general) . A major task will be to con- 
sider measures for composite systems. In which way does 
entanglement show up? How do measures on the prod- 
uct of the spectral presheaves of two systems look like? 
In classical probability theory, not every measure on the 
product of two measurable spaces is a product measure. 
If there is an analogous phenomenon for measures on the 
product of spectral presheaves, can these measures be in- 
terpreted as coming from entangled states? How much 
of entanglement can be described in this way, and what 
is missing?— Finally, how do measures corresponding to 
fermionic and bosonic states look like? We hope to come 
back to all these questions in future publications. 
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